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1 Introduction

Based on some techniques that are common to quantum
mechanics, we give some examples on how some series of
special functions may be added.

For this, we use some theorems and lemmas that are not
usually known when one studies special functions, such as
the Baker-Hausdorff formula and the Hadamard lemma.
We developed further preliminary results presented in [1].

2 Hermite polynomials

The generating function for the Hermite polynomials is [2,
3,4]
o o
e—oc2+2ax _ ZHn(x)i (l)

T
=0 n:

The Hermite polynomials may be obtained from
Rodrigues’ formula [2,3,5,6] as

> d" o
Hy(x) = (=1)"e" Pl . 2)
From the recurrence relations [2]
Hyt1(x) = 2xHy (x) — 2nH,—1 (x), 3)
and from dH, ()
X
;x =2nH, 1(x), )

we can generate all the Hermite polynomials.
From the above recurrence relations, we can also prove

that, if we define the functions

—1/4
‘I/n(x) = Tcz ‘67XZ/2H'1(X)7 n= 07 1727 sy (5)
n!
then
o 1 d
ATy (x) = AR Vn(x) =Vt 1911 (x)  (6)
and

+ ;i) Ya(x) = V1 (x). (D)

The functions (5) constitute a complete orthonormal set
for the space of square integrable functions, then we can
expand any function in that space as

flx)= Z cnWn(x), ®)
n=0
where .
- [ e (). ©)

Hermite polynomials are also solutions of the second order
ordinary differential equation [2,3,4]

¥y —2xy' +2ny = 0. (10)
Let us define the differential operator p as
d
p=—i— 11
p=—i an
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then we have that

d" »\"
=|-= 12
dx" < i) ’ (12)

and we can rewrite (2) in the form

=y (¢Cpe ) a3

The operator inside the parenthesis above has the form

Hy(x) = (=

)l’l)( AN

e pe
SABe8A, (14)
for which we will use the following lemma [7, 8, 9]

Hadamard lemma. Given two linear operators A and B
then

R R 2
FiBe iy e[A B+ S [AAB] ()

21
& c o
S AT
where [A,B] = AB — BA is the commutator of operators A
and B.

This allows us to obtain an expression for the formula (13)
developed above. We identify £ =1, A = x> and B = p in
equation (15), so that

2

1
¢ pe = pr1[2.p) 4+ 57 [P [26)] (1)
1

o B R ]+

To calculate the first commutator [xz,ﬁ}, we use the
general property [AB,C] = A[B,C] + [A,C]B of
commutators, and that [x, p] = i, to get the commutation
relation [xz, ﬁ] = 2ix. It is obvious that all the other
commutators in (16) are zero, and we finally get

Hy(2) = (-

This last expression can be used to obtain the generating
function. We have,

i) (p+2ix)" 1. (17)

—i)" (p+2ix)" 1 = ¢~ 1#PF20) ]

(18)
We obtained the exponential of the sum of two quantities
that do not commute. The above exponential can be
factorized in the product of exponentials via the
Baker-Hausdorff formula:

2.1 Baker-Hausdorff formula

]}aker—}{ausdorff formula [7,10,9]. Given two operators
A and B that obey

[A8].A1=[[A.8).6]=0. 9

then o e

AP = eii[A’B]eAeB. (20)
We apply this formula to expression (18) identifying A=
2ax, B=—iap, and we get [A,B] = —2i0* [x, p] = 20%,
such that

o N
PIAGECE ¢ Q20 pmiap Q1)

Using now the obvious fact that e "*”1 = 1, we finally
obtain

ZHn — 70! +20{x’ (22)

that is the generating function for Hermite polynomials
[11].

2.2 Series of even Hermite polynomials

In order to show the power of the operator methods, we
calculate now the value of the following even Hermite
polynomials series,

w g
=Y _H . 23
n;()n' Zn(x) ( )
From (17), we get
Han (x) = (—=1)" (p+2ix)*" 1. (24)
Therefore,
o 1" ny/a . \2n
Z Hzn 0=Y, (1) (p+2i)™ 1 25)
n=0"""

M
7

i

= exp [—t (p+ 2ix)2} 1.

[ p+2ix) }nl

Developing the power in the exponential above we get

o 4n
= Z ;HZ” (x)
n=0"""

=exp{—t[p* —4x* +2i(xp+px)|} 1. (26)
The operators in the exponential in this last expression do
not satisfy the conditions of the Baker-Hausdorff formula,
so we need another method to understand the action of the
full operator that appears in the right side of expression
(26). What we do is to propose the ansatz,

F (1) =exp[f (1)x*] exp[g (1) (xp+ px)]exp [ (t)ﬁz}zl,
27
where f(t),g(¢) and h(z) are functions to be determined.
The exponential that contains the term g(¢) is the
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so-called squeeze operator [12]. Deriving this expression it is clear that
with respect to ¢, and dropping the explicit dependence of N o
F(1), f(r), g(t) and h() on ¢, explg (xp + px)] p"expl—g (xp + px)} =
dF _df 5. = AZ): (4i) ’g (=P ®exp (4ig) . (36)
dt  dt

dg A A
+ - exp (fx?) (xp+ px) exp[g (xp + px)]exp (hp?) 1

dh R
+ 5 P (fxz) exp [g (xp + px)] p* exp (hpz) 1. (28)

Introducing an ”smart” 1 in the second and third term, we
get

dF df 2 g f)C N 7fx2
@ F
a —a e (bt px)e

g(xp+px)]e /°F.
(29)

dh ;
+ Eef * exp [g (xp + px)] p* exp [

We work then with the operator in the second term; we use
the Hadamard lemma (15) to obtain

e (xp+ pr) e = xp+ px+ f [ xp+ pa]
2

1 02 [P+ o]

+ = [xz, [xz, [xz,pr—i—ﬁx]H 4+

(30)

The first commutator that appears in the above expression
is easily calculated, [x*,xp + px] = 4ix’, and so all the
others commutators are zero. Substituting back in (30),
we get

exp (fx?) (xp + px)exp (—fx?) = xp+ px+4ifx>. (31)

We analyze now the third operator in expression (29). We
study first only a part of it,
exp[g (xp + px)] p*exp [—g (xp + px)]. Using again (15),

exp|g (xp+ px)] p* exp[—g (xp+ px)] =

2
= p*+g [xp+ px, p* ]+% [xp+ px, [xp+ px, p*]]
3
+%[xp+px [xp+px [xp+px,p H]+ 32)

Calculating the first commutators,

We proceed now to complete the study of the third operator
in expression (29). Until now we have

_ 2 N N ” A N _ 2
e T explg (xp+ px)] prexp[—g (xp + px)] e /T =

= exp(—/fx*) p* exp (4ig) exp(—fx*).
We use once more formula (15), to write
exp (fx%) pPexp (—fx*) = p*+ f [%, ]
fi 2 A2 f: 21,2 [,2 a2 B
P L )+ L R )+
(37)

The first commutator gives [x*,p*] = —2 + 4ipx, the
second one gives [ 2 [ 2 ﬁz]] = —8x2, and the third one
(X2, [¥%, [x%.p%]]] = 0; such that all the
commutators are zero, and

exp (fxz) p* exp( fx )
f2
+7( 8x )

other

P4 f (=2 +4ipx)
PP+ 2if (xp+ px) — 422, (38)

Finally, we can write a reduced expression for the
derivative of the original series F'(¢) as

ar _
dt
d dh
{ | g f—f4f exp (dig) = | P+
dt dt
dg . o dh| o . dh 5
[dz +2ifexp (4ig) dz] (xp+ px) +exp (4ig) P }F-

(39)

We get back to the original expression for the operator,
expression (27), and taken the derivative with respect to ¢,

dF (1
dt( ) =— [ﬁz —4x? +2i (xp+ px)]
xexp{—t [p* —4x* +2i (xp+ px)] } 1
= [~p* +4x* —2i (xp+ px)| F. (40)

Comparing (39) and (40), we get the system of differential
equations

A A A )
[xp+ px, p*] = 4ip®, (33) df i
af a8 4 N
I +4f —4fexp (4ig) 5 4,
PP PN, 2 d ) . dh
[xp+px, [xp+px,p H =—16p~, (34) o —|—21fexp (4ig) o= -2, 41
dh
exp (4ig) — = —1.
[xp + px, [xp + px, [xp+ px, p*]]] = —64ip*, (35 p(4ig) 7
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The initial conditions that we must set on these equations
are f(0) = g(0) = h(0) =0, so for r = 0 the operator in
the right side of (26) is the identity. The solutions then are
simply

4t
g:—%ln(4t+l), 43)
[— (44)
A1

We calculate now explicitly (27). As p = fi%, it is very

easy to see that exp (7%) 1 = 1 and then

F (1) = exp (fx*) exp g (xp+ px)] 1. (45)
Using now that [x, p] = i, we write
explg (xp+ px)] 1 = exp[g (2xp —i)] 1
=exp(—ig)exp(2gxp)1  (46)

and it is also clear that

2

exp(2gxp)1 = 1+gxﬁ+%(xﬁ)2+... 1

¢
= 1+gxﬁ1+?

xp)P1+..=1 4]
and also that
exp g (xp+ px)] 1 = exp(—ig). (48)
We then have
F(t) =exp (fx* —ig). (49)

Substituting the functions f'y g,

1 41x?
F@)= , 50
0= yamroe(ai) 50

and finally, getting back to (26), we get the formula we
were looking for

> 1" 1 4tx?
—Hy, (x) = ex . 51
,Eon! w() = p(4t+1) D
2.3 Addition formula
We want to apply the form obtained in (17),

by using the chain rule we have ﬁ = % (% + (%), SO

that we may re-express (52) in the form
H,(x+y) =
<i>n( 20— =2 +2iV2y)"
=|—= iV2x—i———+2i .
V2) ava avay 7
(53)
v/2x and

By defining py = —i-% and py = —i% with X =
Y = /2y, we obtain

H, (x+y) =
-5k (1)

that by using H;(x) = (—

Hy(x+y) = 2n/2 Z ( )

which is the addition formula we were looking for.

“(px +2iX)*(—i)" K (py +2i¥)" ¥,
(54)

i)"(p+2ix)’1 adds to

V2x)H, (V2y), (55)

3 Associated Laguerre polynomials

The generating function for the associated Laguerre
polynomials is [2,11, 13]

1 _
Y LY ()" = e exp(lftt) lt| < 1. (56)

The associated Laguerre polynomials may be obtained
from the corresponding Rodrigues’ formula [2,11,13,3]
da" "

—o X —X n+o

m.x e W (e X ) . (57)
The associated Laguerre polynomials satisfy several
recurrence relations. One very useful, when extracting
properties of the wave functions of the hydrogen atom, is

(n+ DLE ) (1) = 20+ @41 —2)LE () — (n+ @)LE | (v).

(58)
We will use the operator method outlined above for the
Hermite polynomials, to derive the usual explicit
expression for the associated Laguerre polynomials. We
rewrite expression (57) as

Ly (x) =

1
7)6—066)( (l-ﬁ)ne—xxn-&-tx’ (59)

L8 ()= -

where again the operator p = —id/dx, defined in (11), is
used.

Hy(x) = (=i)"(p+2ix)"1, to evaluate the quantity — We notice that e* (i ﬁ)"e*x [e* (ip) e=*]" and that, using
H,(x+y). We write it as (15), e pe ™™ = (p+i), s
Hy(xty) = (i)' i i), (52) L) = Ly (L) e (60)
" d(x+y) ’ ™ dx ’
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Using the binomial expansion and because where p, = —id/dx is the operator introduced in
;m X = ( (fra)!)' n+0-m e obtain the usual form for ~ expression (11). Because e~ "Px1 = 1, developing the f
XU'I n+oa—m)! b

associated Laguerre polynomials,

f(ﬁf%)(l)J. (61)

k=0

L) =

4 Bessel functions of the first kind of integer
order

Bessel functions of the first kind of integer order, J;, (x), are
solutions of the Bessel differential equation [14,15,16]

2y xy 4 (= n?)y =0, (62)

where 7 is an integer. They may be obtained from the
generating function [2, 14,15,16]

exp [; <r—1)] - i 7,(x), (63)

n=—oo

and also from the following recurrence relations [2, 14,15,

16]

2n
7‘,"()(:) = Jn_

1()6) —‘rJn_H()C). (64)
Bessel functions of the first kind of integer order may be
written as
oo (_ l)m x2m+n
J, = —_— 65

n(x) mgo 22m+nm!(m + n)' ) ( )
and also the following integral representation is very
useful [2]

Jp(x) = L7 ttrrsing) g (66)
" 21 -

Some other important relations for the Bessel functions of
the first kind are the Jacobi-Anger expansions[2]:

oo

Y (x)e™ (67)

n=-—oo

eixcosy _

and
1x91n) Z J lny. (68)

n=-—oo

4.1 Addition formula

Using the operator methods developed in previous
sections, we will obtain here the addition formula for the
Bessel functions of the first kind of integer order. First,
we will derive the following expression for any “well
behaved” function f,

flx+y) = e f(x)e "Px1, (69)

function in a Taylor series (we call ¢, to the coefficients
in the expansion) and using the linearity of the e"”~
operator,

e f(x)e

l)l’xl — el}l’xf

= eMPx Z et

= Z cre™Prok. (70)
k=0
Now
l dl k k
x l _ 1 -1
VP k — Z dxl _;)(y) (l>xk

= (x+»)", (71)

then

eVPr f(x)e VP ] = Z cr(x+y)k=

k=0

fx+y), (72

as we wanted to prove.
Now consider the Bessel function J,, evaluated at x + y.
From expression (69) we have

Ju(x+y) = VP, (x)e PP, (73)

because e ?Pv1 = 1, and developing the first exponential
in Taylor series, we obtain

-
o) = L &

To calculate the m-derivative of J,, we use the integral
representation (66) to write

dm 1 T
Jo(x) = " —

“ i(nT—xsinT)
o 7). dt,  (75)

sin” Te”

substituting sin 7 = (¢/” —

expansion,

e~")/2i, and using the binomial

g ()=

1
_ i(m— k‘L’ —ikt —t(n‘r xsint)
T oomtlg /e dt
k -
T

= LL /eﬂ[ n—m-+2k)T— XSlnT]d’L’,
2m 27t =
]

(76)
and therefore, using again the integral representation (66),
we obtain
dm

( ) nemiok(x). (77)

2@ = sz
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Substituting this last expression in equation (74), we
obtain (we have taken the sum up to infinite as we add
I

only zeros)
o | =
Inx+y) =} 2—2—): ( ) nemi2k(x). (78)

We now change the order of summation and start the
second sum at m = k (because from m < k all the terms
are zero)

m

N VN
kg;) k! m:kzm(m_k)gfn—mﬂk(X)- (79)

Jn(x+y) =

We do now j = m — 2k and obtain

Ju+w=i‘”yw )
" =k L 2Pk (j 4 k) =),

j+2k
y]

(80)

take the second sum from minus infinite, and exchange the
order of the sums

J oo ( l)k yj+2k
Inx+y) = j_Z_:w”/ k;) K 22K (1 k)]
Y s i(@)50). 81)
j:—oo

The final expression

Z Tn—k(x (82)

k=—oo

x—|—y

is known as the addition formula for the Bessel functions
of the first kind of integer order.

5 Conclusions

We have shown how to apply some of the formalism of
operator theory to some special functions, namely,
Hermite and Laguerre polynomials and Bessel functions.
We have applied them to obtain some known series of
functions, such as the addition formula for Bessel
functions, and some, to our knowledge, not known series,
such as the sum of even Hermite polynomials.

References

[1] HM. Moya-Cessa. New expressions for laguerre and
hermite polynomials. arXiv:0809.2259v1 [math-ph], 2008.

[2] R.P. Soni W. Magnus, F. Oberhettinger. Formulas and
Theorems for the Special Functions of Mathematical
Physics. Springer-Verlag, 1966.

[3] M. Abramowitz and LA. Stegun. Handbook of
Mathematical Functions With Formulas,Graphs and
Mathematical Tables.  National Bureau of Standards
Applied Mathematics, 1972.

[4] N. N. Lebedev. Special functions and their applications.
Prentice-Hall, 1965.

[S]Hans J. Weber & Frank E. Harris George B. Arfken.
Mathematical Methods for Physicists. A Comprehensive
Guide. Seventh edition. Elsevier, 2013.

[6] L.S. Gradshteyn and .M. Ryzhik. Table of Integrals, Series,
and Products. Seventh edition. Elsevier, 2007.

[7] William H. Louisell. Quantum Statistical Properties of
Radiation. John Wiley & Sons, 1973.

[8] Hector M. Moya-Cessa and Francisco Soto Eguibar.
Differential Equations: An Operational Approach. Rinton
Press, 2011.

[9] Hector M. Moya-Cessa and Francisco Soto Eguibar.
Introduction to Quantum Optics. Rinton Press, 2011.

[10] Christopher Gerry and Peter Knight. Introductory Quantum
Optics. Cambridge University Press, 2005.

[11] I.X.. Wong & D.R. Guo. Special functions. World Scientific,
1989.

[12] H. Moya-Cessa and A. Vidiella-Barranco. On the interaction
of two-level atoms with superpositions of coherent states of
light. J. of Mod. Optics, 42:1547-1552, 1995.

[13] Yury A. Brychkov.  Handbook of Special Functions
Derivatives, Integrals, Series and Other Formulas. CRC
Press, 2008.

[14] G. N. Watson. A treatise on the theory of Bessel functions.
Cambridge University Press, 1995.

[15] B.G. Korenev. Bessel functions and their Applications.
Taylor & Francis, 2002.

[16] F. Bowman. [Introduction to Bessel functions.
Publications Inc, 1958.

Dover

© 2014 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 2, No. ?, 1-7 (2014) / www.naturalspublishing.com/Journals.asp

Hctor M. Moya-Cessa
obtained his PhD
al Imperial College in
1993 and since then he is a
researcher/lecturer at Instituto
Nacional de Astrofsica, ptica
y Electrnica in Puebla, Mxico
where we works on Quantum
Optics. He is fellow of
the Alexander von Humboldt
Foundation and Regular Associate of the international
Centre for Theoretical Physics (Trieste, Italy). INAOE in
Puebla, Mexico.

Francisco Soto-Eguibar
is Titular Researcher
at the Optics Department
at the National Institute
of  Astrophysics,  Optics
and Electronics (INAOE) in
Puebla, Mexico. He received
his PhD degree in Physics
at the National University
of Mexico, in Mexico city in
1982. His research interest is in quantum optics and in the
foundations of quantum mechanics.

© 2014 NSP
Natural Sciences Publishing Cor.



